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Abstract—Membrane computing, the research field
initiated by Gheorghe Păun in 1998, defines compu-
tational models, called P systems, inspired by the be-
havior and structure of the living cell. Many variants
of P systems have been introduced and also used as
formal modeling and verification tools. Recently, kernel
P systems were introduced as an unifying framework for
P systems, which integrates many features of existing
P system variants into an elegant and yet powerful
modeling formalism. In this paper, we consider a tissue
P system with active membranes and a simple kernel P
system, both of them solving an NP-complete problem,
the 3-colouring problem. In order to compare these two
models,we determine, for both of them, the values of
the variables corresponding to the colors in a number
of particular cases using MeCoSim, a membrane com-
puting simulator, and we deduce some of their non-
trivial computational properties. The two models are
also implemented in Event-B and properties are formally
verified using the ProB model checker associated with
the Rodin platform.

Keywords-P system; Event-B; 3-colouring problem;
model checking.

I. INTRODUCTION

Introduced in 1998 by Gheorghe Păun, mem-
brane computing studies computing devices in-
spired by the functioning and structure of the
living cell, called P systems [1]. Many variants
of P systems have been introduced and one of
the most studied theoretical aspect about them
is their capability to solve hard problems like
NP-complete ones by a space-time trade-off. In-
troduced this year in [2], kernel P systems (kP
systems), and its reduced variant [3] (skP systems)
represent an unifying framework for P systems

which integrates many features of existing P sys-
tem variants into an elegant and yet powerful
modeling formalism.

Significant developments have also been made
in using P systems to model, simulate and formally
verify various systems. Formal verification has
been studied using rewriting logic and the Maude
tool [4] or PRISM and the associated probabilistic
temporal logic [5] for stochastic systems [6]. More
recently, NUSMV [7] , SPIN [8] and RODIN
[9], [10], [11] have been used to verify various
properties of transition P systems or P systems
with active membranes.

Event-B [12] is a formal modelling language,
introduced about 10 years ago by J.R. Abrial, used
for developing mathematical models of complex
systems with a discrete behavior. It is to be used
with a platform called Rodin. The core technology
behind Rodin is theorem-proving, but also model-
checking (ProB) or animation tools (Anim-B) have
been integrated as plug-ins.

In order to compare one of the well-established
P system variants (tissue P system) with the
newly introduced kP systems, in this paper we
consider an NP-complete problem, the 3-colouring
problem. We determine and verify (using ProB) a
number of non-trivial computational properties of
a tissue P system and of a simple kernel P system
solving this problem.

We also show how the models can be imple-
mented in Event-B and emphasize the advantages
of Event-B and Rodin as modeling and verification
tools.

The paper is structured as follows. The next sec-



tion is dedicated to some general notions about tis-
sue P systems, simple kernel P systems, the Event-
B language, the Rodin platform, the model checker
Pro-B and the P systems simulator MeCoSim. In
Section 3 we formulate the 3-colouring problem
and we present a tissue P system and a simple
kernel P system solving this problem. In the next
section we give, by comparison, some computa-
tional properties of these P systems related to the
number of objects corresponding to the colors.
Finally, some conclusions and future work are
given in Section 5.

II. BACKGROUND

P systems are distributed and parallel mod-
els processing multisets of objects using evo-
lution, communication, division and other types
of rules encapsulated into regions delimited by
membranes.

The following definition refers to a model of
tissue P systems with cell division, introduced in
[13].

Definition. A tissue P system with cell division
of degree n ≥ 1 is a tuple of the form

Π = (A,w1, . . . , wn, A0, R, i0),

where:
1) n ≥ 1 is the initial degree of the system,

i.e. the system contains initially n cells,
labelled with 1, 2, . . . , n; 0 represents the
environment.

2) A is a finite alphabet whose symbols are
called objects.

3) w1, . . . , wn are strings over A, describing the
multisets of objects placed in the n cells of
the system.

4) A0 ⊆ A is the set of objects present in the
environment in arbitrarily many copies each.

5) R is a finite set of rules of the following
form:

a) Communication rules: (i, u/v, j), for
i, j ∈ {0, 1, 2, . . . , n}, i 6= j, u, v ∈
A∗. When applying a rule (i, u/v, j),
the objects of the multiset represented
by u are sent from region i to region j
and simultaneously the objects of the

multiset v are sent from region j to
region i.

b) Division rules: [a]i → [b]i[c]i, where
i ∈ {1, 2, . . . , n} and a, b, c ∈ A. The
cell with label i is divided in two cells
with the same label; in the first copy
the object a is replaced by b, in the
second copy the object a is replaced
by c; all other objects are replicated
and copies of them are placed in both
new cells.

6) i0 ∈ {0, 1, 2, . . . , n} denotes the output
region (which can be the region inside a
membrane or the environment).

The many variants of existing P systems, the
types of rules and associated terminology, have
made necessary the introduction of kernel P sys-
tems as an unifying framework [2].

Definition A simple kernel P system (sKP sys-
tem, for short) of degree n ≥ 1 is a tuple

skΠ = (A,L, IO,C1, . . . , Cn, µ, i0)

where [3]:
• A is a finite alphabet containing objects.
• L is a finite set of labels.
• IO is a finite alphabet IO ⊂ A associated

with the environment.
• C1, . . . , Cn are the initial compartments of the

system; each of them is identified by a label
of L, has initially a multiset over A, and a
finite set of rules.

• µ = (V,E) is an undirected graph, where
V ⊆ L are vertices and E the edges.

• i0 ∈ L ∪ {0} denotes the output region, i.e.
the compartment receiving the result of a
computation.

A skP system skΠ =
(A,L, IO,C1, . . . , Cn, µ, i0) can be viewed as a
set of n compartments C1, . . . , Cn, interconnected
by edges from E of an undirected graph µ. Every
compartment has an associated set of rules that
can be division, rewriting or communication rules.
Rules may have guards, i.e. necessary conditions
to be applied.

The rules are applied in maximally parallel
mode which means that they are used in all the



regions at the same time, for all objects able to
evolve [1]. The only restrictions are that at most
one division rule can be applied per step and, when
a cell is divided, the division rule is the only one
which is applied for that cell in that step.

A configuration of a P system, is a tuple
c = (u1, ..., un), where ui ∈ A∗, is the multiset
associated with membrane i, 1 ≤ i ≤ n. A
configuration c = (u1, ..., un) is called terminal
if there is no region i such that ui can be further
derived.

In a P system with active membranes not only
the objects evolve but also the membrane struc-
ture. As a consequence, a configuration of a P
system with active membranes contains in addition
to the number of objects associated with each
region, the current membrane structure.

A. Event-B, Rodin and ProB
Event-B models are abstract state machines in

which transitions between states are implemented
as events. An Event-B model is made of several
components. Each component can be either a
machine or a context. Contexts contain the static
structure of the system: sets, constants and axioms
defining their main properties. Machines contain
the dynamic structure of the system: variables, in-
variants, and events. Invariants state the properties
of variables and events define the dynamics of the
transition system.

An event is a state transition which is specified
in terms of guards and actions. Guards are nec-
essary conditions for an event to be enabled. The
actions describe how the occurrence of an event
will modify some of the variables of the machine.
All actions of an event are performed at the same
time.

An action might be either deterministic (us-
ing the assignment operator “:=”) or non-
deterministic. There are two forms of non-
deterministic actions using:
• the “:∈” operator; the action “x :∈
{ set of possible values }” has the following
result: an arbitrarily chosen value from the set
of possible values is assigned to the variable
x

• the operator “: |”; the action “x : | P (x)”
means that the variable x receives a value
such that the predicate P is true. The value
of x after the assignment is denoted x′.

The correctness of an Event-B model is ensured
by a Rodin Platform tool, called Proof Obliga-
tion Generator that decides what is to be proved
(e.g. invariant preservation, consistency between
original and refined models). Then, these proof
obligations are automatically verified. Therefore,
the proving mechanism provides the guarantee of
a formally correct model before the model checker
is actually used. This is a big strength of the Rodin
platform.

ProB is an animation and model checking tool
integrated within the Rodin platform. Unlike most
model checking tools, ProB works on higher-level
formalisms and so it enables a more convenient
modelling. Animation facilities allow: to execute
a given number of operations, to visualize, at any
moment, the state space, to see the shortest trace
to current state. Properties that are intended to be
verified can be formulated using the LTL or the
CTL formalism.

B. MeCoSim
MeCoSim is a membrane computing simulator

[14] initially designed to enable the user defined
customized interfaces, with inputs, outputs, charts,
adapted to each family of P systems. This permits
entering data for different initial conditions or
instantiating different P systems of the family.

MeCoSim has been extended such that it can
cover a more general set of applications by pro-
viding flexible and powerful methods to integrate
various software applications and packages as
MeCoSim plugins. These kind of plugins can be
easily added to MeCoSim by setting appropriate
parameters in a configuration file. Keeping in
mind this architecture and the developed plug-
ins, MeCoSim may provide a platform for the
integration of different tools for the modelling,
simulation, analysis, property extraction and ver-
ification of P systems. Some of this tools have
already been developed or integrated, others are
being developed, and many other could be added



in a similar way. One of the most important
integrated tools is a dynamical invariant detector
called Daikon [15].

III. THE 3-COLOURING PROBLEM

The 3-colouring problem can be formulated as
follows: given an undirected graph G = (V,E),
decide if it is possible to colour it using three
colors such that, for every edge (u, v) ∈ E, the
colors of u and v are different.

A. A tissue P system solving the 3-colouring prob-
lem

This NP-complete problem can be solved in
linear time by a family of tissue P systems with
cell division [16].

Since we are interested only in some com-
putational properties we will consider only the
division rules and a restricted set of objects of the
P systems given in [16]. So, let Π(n) be a family
of tissue P systems with cell division of degree 2,
with:
• the alphabet A = {Ai, Ti, Ri, Gi, Bi : 1 ≤
i ≤ n}

• the initial multisets w1 = ∅, w2 =
{A1, A2, . . . , An}

• the division rules associated with the second
membrane:

– r1i : [Ai]2 → [Ri]2[Ti]2, for 1 ≤ i ≤ n
– r2i : [Ti]2 → [Bi]2[Gi]2, for 1 ≤ i ≤ n

Here, Ai and Ti are nonterminal symbols, Ai

encodes the i−th vertex of the graph and Ri, Bi,
Gi are terminal symbols corresponding to the three
colours red, blue and green.

Some interesting properties of Π(n), that were
analyzed in [17] are:
P1 : For each computation of Π(n), there are 3n

cells with label 2 at configuration C2n.
P2 : For each computation of Π(n), the configu-

ration Cn+1 has exactly 2n+1−1 cells labelled
2.

P3 : For each computation of Π(n) and for each
0 ≤ j ≤ n the configuration Cj has exactly
2j cells labelled 2.

P4 : For each combination (X1, X2, . . . , Xn),
Xi ∈ {Ri, Gi, Bi}, i = 1, . . . ,

n, there exists, at configuration C2n, one and
only one cell with label 2 that contains the
multiset {X1, X2, . . . , Xn}.

In order to verify some properties given in the
next section we realized the corresponding Event-
B model in the Rodin platform.

Unlike other modeling languages, Event-B al-
lows a more convenient way of modelling by pro-
viding functions, quantifiers and non-deterministic
assignments. Thus, we can develop a general
Event-B model for the family Π(n) that can be
then instantiated for particular values of n.

For example, using the Promela language as-
sociated with the model checker Spin, the corre-
sponding model can be semi-automatically gen-
erated from a P-Lingua definition file, for each
particular value of n. But, the P-Lingua file must
contain each of the 2n rules specified separately,
a difficult task for large values of n. More than
that, the model size increases proportionally with
the size of n.

As we presented in [11], the Event-B model
of a P system has two components. The first
one is a context that contains the set of symbols
(denoted SYMBOLS) and the constant n with a
fixed nonnegative value.

The second component is a machine with the
following variables:
• a partial function used to represent the struc-

ture of the P system, except the skin: cell ∈
N → (SYMBOLS → ({1, . . . , n} → N))
with the following signification: cell(x)(a)(i)
represents the number of objects a with the
index i in the membrane x;

• mark : N → {0, 1} a partial function used
“to mark” cells produced in a division rule
or involved in a communication rule between
two steps of maximal parallelism; such cells
cannot be the subject of another division or
communication rule in the same computation
step.

The possibility to use quantifiers and the non-
deterministic operator “: | ” allows us to associate
to each set of rules only one Event-B event. Thus,
for the first set of rules we can associate the
following event:



Rule1i
Any x, y, z, i
Where
grd1: x ∈ dom(cell)
grd2: i ∈ 1 . . . n
grd3: cell(x)(a)(i) ≥ 1
grd4: mark(x) = 0
grd5: y ∈ N \ dom(cell)
grd6: z ∈ N \ dom(cell)
grd7: y 6= z
Then
act1: cell : |((∀s, j.s ∈ SYMBOLS&j ∈

1 . . . n&j 6= i ⇒ cell′(y)(s)(j) =
cell(x)(s)(j))&(cell′(y)(a)(i) = cell(x)(a)(i) −
1)&(cell′(y)(r)(i) = cell(x)(r)(i) + 1)&(∀s.s ∈
SYMBOLS \ {a, r}&cell′(y)(s)(i) =
cell(x)(s)(i))&(∀s, j.s ∈ SYMBOLS&j ∈
1 . . . n&i 6= j ⇒ cell′(z)(s)(j) =
cell(x)(s)(j))&(cell′(z)(a)(i) = cell(x)(a)(i) −
1)&(cell′(z)(t)(i) = cell(x)(t)(i) + 1)&(∀s.s ∈
SYMBOLS \ {a, t}&cell′(z)(s)(i) =
cell(x)(s)(i))&(∀w, s, j.w ∈ dom(cell)&w 6=
x&s ∈ SYMBOLS&j ∈ 1 . . . n ⇒
cell′(w)(s)(j) = cell(w)(s)(j)))

act2: mark := ({x}C−mark)∪{y 7→ 1, z 7→ 1}
Therefore, the rule is applied in some random

cell x and for some random value of the index
i and it modifies accordingly the values of the
function cell using the non-deterministic assign-
ment operator “: |”. Two new cells, y and z, are
replacing cell x in the membrane structure of the
system as a result of the division. Any other cell
w is not affected by the rule.

A similar event is associated with the second
set of rules.

B. A simple kernel P system solving the 3-
colouring problem

The 3-colouring problem is solved in maximum
2n+ 3 steps by a simple kernel P system skΠ(n)
given in [3]. We will consider again, only a
restricted set of rules and a restricted alphabet that
can be easily deduced from the rules. The initial
multiset associated with the second membrane is
w2,0 = A1s code(n), with code(n) being the
multiset of edges of the graph to be coloured; an

edge (i, j) is codified as Ai,j , 1 ≤ i < j ≤ n, and
the rules are:
• division rules:
r2,2i−1 : [Ai]2 → [RiAi+1]2[Ti]2 {= s},
1 ≤ i ≤ n− 1
r2,2i : [Ti]2 → [BiAi+1]2[GiAi+1]2,
1 ≤ i ≤ n− 1
r2,2n−1 : [An]2 → [RnX]2[Tn]2 {= s},
r2,2n : [Tn]2 → [BnX]2[GnX]2;

• rewriting rule:
r2,2n+1 : s → λ {= Ai,j = Bi = Bj| =
Ai,j = Gi = Gj| = Ai,j = Ri = Rj}

The division rules are applied in 2n steps and all
the possible combinations of colouring n vertices
with three colors may be obtained if the guards
are true. The rewriting rule checks, for any edge
of the graph (i, j), 1 ≤ i < j ≤ n, if the colour of
i and j is the same and s is available; if so, s is
erased and the division of the current membrane
stops.

We built the Event-B model of skΠ(n), in a
similar way with the model of Π(n).

Using associated P-Lingua definition files as an
input for the simulator MeCoSim, the evolution
of the corresponding P system can be simulated
and analyzed. The values provided by the version
of MeCoSim that we are using are: objects per
membrane, objects by type and cells by step.

We will focus only on the number of objects
corresponding to the three colors, at each step, for
different values of n.

IV. COMPUTATIONAL PROPERTIES

In [17] and [3] we analyzed the number of cells
with the label 2 in different steps of computation
for the P system Π(n) and respectively skΠ(n).
In this section we will give, by comparison, some
of their computational properties related to the
number of symbols corresponding to the colours at
different steps of the computation. We denote with
R(i), G(i), B(i), and respectively with skR(i),
skG(i), skB(i) the number of objects R, G and
respectively B, obtained for Π(n) and respectively
skΠ(n), at the step i ∈ {1, 2, . . . , 2n}. Although
skΠ(n) gives an answer to the problem in at



most 2n+ 3 steps, we will consider only the first
2n steps of the computation, after which all the
possible combinations of colouring the vertices of
the graph with three colours are obtained. While
Π(n) is non-deterministic and so the values of
the variables of the corresponding model depend
on the computation, for skΠ(n), which is deter-
ministic, these values depend only on the graph
structure.

For skΠ(n) we considered three particular cases
of graphs:
• with edges only of the form (1, i), with i ∈
V \{1}

• with edges only of the form (i, k), were k is
a fixed vertex, k /∈ {1, n} and i ∈ V \{k}.

• with edges only of the form (i, n), with i ∈
V \{n}

Observation 4.1: a) G(i) = B(i), for each i ∈
{1, . . . , 2n}.

b) skG(i) = skB(i) = skR(i − 1), for each
i ∈ {1, . . . , 2n}, for a graph with edges only of
the form (i, n).

In both cases, the first equality is due to the fact
that a G and a B are produced in the same time
with a division rule. Then, because an R and T
are produced in the same time and, in the next
step, each T produces a G and a B we have the
third term of the second equality.

Proposition 4.2: a) R(2n) = G(2n) =
G(2n) = n · 3n−1;

b) skR(2n) = skG(2n) = skG(2n) = n · 3n−1,
for a graph with edges only of the form (i, n);

c) i) skR(2n) = skG(2n) = skG(2n) = (n −
1) · 2n−1, for a graph with edges only of the form
(i, k), were k is a fixed vertex, k ∈ {1, 2} and
i ∈ V \{k};

ii) skR(2n) = skG(2n) = skG(2n) = (n −
1) · 2n−1 + 7, for a graph with edges only of the
form (i, k), were k = 3 is a fixed vertex, and
i ∈ V \{3};

iii) skR(2n) = skG(2n) = skG(2n) = (n −
1) · 2n−1 + 45, for a graph with edges only of
the form (i, k), were k = 4 is a fixed vertex, and
i ∈ V \{4};

and so on.

Proof. a) As we stated before, after 2n steps the
evolution of Π(n) leads to 3n cells with label
2, containing all possible 3−colourings for the
graph. As each of the 3n cells contains n objects
corresponding to the colours, the total number of
objects is n · 3n−1. On the other hand, because
all the possible 3−colourings are obtained, the
number of objects corresponding to each color
is the same. Thus, R(2n) = G(2n) = G(2n) =
n · 3n

3
= n · 3n−1.

b) Analogously to a). We prove in [3] that, in
this case, the number of cells with label two is
also 3n, after 2n steps.

c) This results are empirically deduced from the
simulations and verified with the model checker.

Note that the total number of objects corre-
sponding to the colors in skΠ(n) is, generally,
much smaller that the same number in Π(n). This
is because cells containing partial colorings that
cannot lead to valid solutions no longer divide.

We also deduced, for the case of a graph with
edges (i, n), the following result, for the moment
without a mathematical proof, but which was
verified with the model checker ProB for some
particular values of n.

Proposition 4.3: For any fixed n ∈ N, n ≥ 2,

skR(k) =

(
1

3
· k +

1

9

)
· 2k + (−1)k+1 · 1

9
, for all

k ∈ {1, . . . , n}.
Observation 4.1 and Proposition 4.3 lead to:
Corollary 4.4: For any fixed n ∈ N, n ≥ 2,

skG(k) = skB(k) =

(
1

3
· k − 2

9

)
· 2k−1 + (−1)k ·

1

9
, for all k ∈ {2, . . . , n}.
Because the behavior of the tissue P system

Π(n) is non-deterministic we considered some
of its particular computations and we simulate it
using the model checker ProB that allowed us to
choose the next step. We deduced that the same
result as in Proposition 4.3 holds for Π(n) if we
choose a computation with the following property:
any T produced in a step is consumed in the next
step.

In another particular computation we gave pri-
ority to the consumption of the A’s. In this case



we found the following properties:
Proposition 4.5: a) G(k) = B(k) = 0 and
R(k) = k · 2k−1, for all k ∈ {1, . . . , n};

b) R(n + 1) = n · (2n − 1) and G(n + 1) =
B(n+ 1) = 2n − 1.

Proof. The fact that in the first n steps of
the computation, if we give priority to the con-
sumption of A’s, only the terminal symbol R
appear is because the initial multiset of the second
membrane contains n symbols A, and G and B are
produced only after T ’s are consumed.

The second result for a), and b) were also
deduced empirically and verified using the model
checker ProB.

Another simple observation, due to the fact that
the computation stops after 2n steps when all the
nonterminals are eliminated is:

Observation 4.6: skR(2n) = skR(2n−1) and
R(2n) = R(2n− 1).

All the properties verified using the model
checker ProB were formulated using the LTL
syntax and the returned answer was affirmative.
Due to the well-known explosion problem for
model checkers, the properties related to the first
n steps could only be checked for n ≤ 12 and
the properties related to the final configuration
only for n ≤ 7. We are currently investigating
improvements in the model. For higher values of n
properties were verified by hand using the results
of the MeCoSim simulations.

V. CONCLUSION

In this paper we provide a number of com-
putational properties of a tissue P system and a
simple kernel P system solving the 3-colouring
problem, using the following methodology: using
a P-lingua file we simulate the behaviour of the
system with the aid of MeCoSim; using the values
of the variables corresponding to the objects we
deduce some of their properties and then we prove
these properties or we formally verify them using
the model checker ProB. An analysis of these
computational properties show that, while a kP
system provides a more efficient and intuitive
model, it preserves the main features and logic
of the tissue variant.

Our future work will concentrate on studying
computational properties of other P systems, im-
proving the methods to discover and verify such
properties, solving other NP-complete problems
using kP systems.
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