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possibly other wordsthat are longer than any word in L. An algorithm for constructing a minimal
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1. INTRODUCTION

Finite automata [1, 2, 3] are widely used in many areas
of computing, ranging from lexical analysis to circuit and
protocol testing. Finite automata are known to compute
regular languages [4, 5]. However, in many applications of
finiteautomataonly finitelanguagesareused. The number of
states of afiniteautomaton (FA) that accepts afinitelanguage
isat least one more than the length of the longest word in the
language and may be exponentially large in this length [6].
On the other hand, if we do not restrict the automaton to
accept only the given finite language but allow it to accept
extra words that are longer than the longest word in the
language, then the number of its states may be significantly
reduced. In most applications the maximum length of the
wordsinthelanguageisknown and the system can keep track
of the length of the words processed, so such an automaton
will usually be adequate. This is the idea behind cover
automata for finite languages.

Informally, a cover automaton of afinite language L isan
FA that acceptsall wordsin L and possibly other words that
arelonger thanany wordin L. A minimal cover automaton of
L isacover automaton of L having theleast number of states.
In many cases, aminimal cover automaton of L has a much
smaller size than the minimal automaton that accepts L.

The concept of minimal cover automaton of a finite
language is introduced in [6] and it is shown that there may
be several minimal cover automata of the same language that
are not isomorphic. Furthermore, [6] provides an algorithm
that, for a finite language L (given as an FA that accepts
L or asacover automaton of L), constructs aminimal cover
automaton of thelanguage. Animproved algorithm (interms
of complexity) is aso presented in [7].

This paper goes a step further by giving a procedure for
constructing al minimal cover automata of a given finite
language L. The procedure is then generalized to a form of
extended finite automata, called stream X-machines (SXMs).

An SXM is atype of X-machine[8, 9, 10] that describes
a system as a finite set of states, each with an interna
store called memory, and a number of transitions between
the states. A transition is triggered by an input value,
produces an output value and may alter the memory. An
SXM may be modelled by an FA (the associated FA) in
whichthearcsarelabelled by function names (the processing
functions). Thus, SXMs can combine the dynamic features
of finite state machines with data structures, thus sharing
the benefits of both these worlds. Various case studies
[10, 11, 12] have demonstrated the value of the SXM as
a specification method, especialy for interactive systems.
A tool to support the creation of SXM specifications has
been constructed [13]. The refinement of SXMs has been
investigated and techniques for refining given specifications
into more complex, more detailed implementation-oriented
versions have been developed [14, 15]. Furthermore, several
models of communicating SXMs have been devised and used
inreal applications[16, 17, 18].

One of the strengths of using SXMsto specify asystemis
that itispossibleto derivetest setsfroman SXM specification
which, if satisfied, guarantee, under certain constraints,
the correctness of the implementation with respect to the
specification [10, 19, 20, 21]. Among these constraints
are the so-called ‘design for test conditions' that the SXM
specification has to meet: input-completeness and output-
distinguishability [10, 19]. The class of SXMs that meet
these conditions is therefore of particular interest and has
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received specia attention. The minimality issue for this
class of SXMs has been defined and addressed in a recent
paper [22].

This paper makes one more step in this direction by
defining the I-cover SXM of a given SXM Z as a
generalization of the cover automaton of afinite language L.
Informally, an/-cover SXM of Z isan SXM Z’ that produces
anidentical responseto Z for any sequence of inputsof length
at most /.

The paper establishes that, in the context of SXMs
that meet the ‘design for test conditions’, the problem
of constructing all /-cover SXMs of Z can be reduced
to constructing the set of all cover automata of the language
consisting of all sequences of length at most / accepted by
the associated FA of Z.

Sincethemain motivation for thispaper isfrom thedomain
of software testing, the paper only addresses finite automata
and SXMsinwhich al statesarefinal. When finite automata
and SXM specifications are used as the basis for test set
generation, al states are naturally considered as being final
so that the outputs produced by the application of each input
in a sequence can be observed step by step. When testing
is performed it is a common practice to display al of these
intermediate results, which are normally hidden from the end
user of the system. The intermediate outputs are filtered out
once the system has passed testing.

The paper is structured as follows. Section 2 introduces
the basic concepts of finite automata. Section 3 defines a
cover automaton of a finite language and provides a brief
survey of someresultsrelated to thisconcept. The procedure
for constructing all minimal cover automata of a given finite
language is given in Section 4. The theoretical basis for this
procedure is also given. Section 5 introduces the concept of
SXMs. Section 6 defines an [-cover SXM of a given SXM
Z and provesthat if Z meetsthe ‘design for test conditions
then the procedure given in Section 4 can be used to construct
all I-cover SXMs of Z. The main contribution of the paper
isin Sections 4 and 6.

2. FINITE AUTOMATA

This section introduces finite automata and related concepts
and the results to be used later in the paper.

First, the notations used are introduced. For an a phabet
A we use A* to denote the set of finite sequences (words)
congtructed using elements of A; e denotes the empty
sequence. For a, b € A*, ab denotes the concatenation of
sequencesa and b. a” isdefined by a® = € and a” = a"1a
forn>1.ForU,V C A*, UV ={ab|ae€U, be V},U"
isdefined by U° = {¢} and U" = U"1U forn > 1. Also,
U<y = Uo<k<n U*.

For a sequence a € A* length(a) denotes the number
of elements of «, in particular length(¢) = 0. For afinite
language L C A* length(L) denotesthelength of the longest
word(s) in L i.e. length(L) = max{length(s) | s € L}.

For a (partid) function f : A — B, dom(f) denotes
the domain of f, i.e. the subset of A for which f is
defined.

FIGURE 1. ADFCA A of L.

DEFINITION 2.1. An FA Aisatuple (X, Q,F,1,T), as
follows:

3 isthefinite input al phabet

Q isthefinite set of states

F isthe (partial) next state function, F : Q x £ — 22
I and T are the sets of initial and terminal states
respectively, I € 0, T C Q.

An FA is usually described by a transition diagram, see
Figure 1.

DEFINITION 2.2. A deterministic FA (DFA) is an FA for
which the following are true:

e Thereisoneinitial state, i.e.

I = {qo0}

e F maps each (state, input) pair into at most one single
state, i.e.

F:0x¥ — 0.

In what follows we will only refer to DFAs in which
al states are terminal (T = (), denoted by a tuple
(%, 0, F, q0).

DEFINITION 2.3. Thenext statefunction F can be extended
to a (partial) function F* : Q x X* — Q defined by:

e F*(q,e)=¢q,q € Q
e F*(q,s0) = F(F*(q,s),0),q € Q,s € X*, 0 € X.

DEFINITION 2.4. For g € Q, the language accepted by A
ing, denoted by £ 4(¢), isdefined by:

Lalg) ={s € X*| (g, s5) € dom(F")}.

The language accepted by A in go is smply called the
language accepted by A and isdenoted by L4.

A languageaccepted by aDFA iscalled aregular language.
Since in this paper only DFAs in which al states are
terminal are considered, the languages computed will have
the additional property that if aword isin the language then
all the prefixes of theword will also bein thelanguage. Such
languages will be called downward-closed.

DEFINITION 2.5. A state ¢ € Q is called accessible if
ds € X* such that F*(go,s) = q. A is called accessible
if Vg € O, g isaccessible.
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DEFINITION 2.6. Two states ¢g1,92 € Q are called
equivalent if £L4(q1) = La(g2). Otherwise g1 and ¢» are
called distinguishable. A is called reduced if Vg1, g2 € O
with g1 # g2, g1 and g2 are distinguishable.

DEFINITION 2.7. ADFA, A, iscalled minimal if any other
DFA that accepts the same language as A has at least the
same number of statesas A.

THEOREM 2.1. A DFA, A, isminimal if and only if A is
accessible and reduced.

Thisisawell known result; for a proof see[8].

DEFINITION 2.8. Let A = (,0,F,q0) and A’ =
(%, Q' F', qp) be two DFAs over the same input alphabet.
Then afunction g : 0 — Q' iscalled an isomorphism if

e gishijective

e 2(q0) = g}

e g(F(q,0))=F'(g(g).0), g€ Q,0 € Z.

THEOREM 2.2. For two minimal DFAs, A and A, L4 =
L4 ifandonlyif A and A" areisomorphic.

Thisisawell known result, for aproof see[8]. Techniques
for constructing the minimal DFA that accepts a certain
language also exist, for more details see [8] or [J].

3. DETERMINISTIC FINITE COVER
AUTOMATA—PRELIMINARIES

This section introduces the concept of (minimal) determinis-
tic finite cover automaton (DFCA) of afinite language. The
definitions and results are largely from [6].

A DFCA of afinite language L is a DFA that accepts all
words in L and possibly other words that are longer than
any word in L. As aready stated, only DFAs in which al
states are terminal and downward-closed finite languages are
considered in this paper.

DEFINITION 3.1. Let A = (X, Q, F,qo) beaDFA, L C
>* afinite language and [ = length(L). Then A iscalled a
DFCAoOf LifL4NX< = L.

ExXampLE 3.1. If ¥ ={a,b}, L={e, a,b,ab,ba} and
A is as represented in Figure 1 (where the initial state O is
pointed at by an incoming arrow) then L4 N X< = L,0 A
isaDFCA of L.

DEerFINITION 3.2. A DFCA, A, of a finite language L is
called minimal if for any DFCA, A’, of L, the number of
states of A islessthan or equal to the number of statesof A’.

Two similarity relations defined in [6] are used to
characterize and construct a minimal DFCA for a finite
language L:

e asimilarity relation between sequences of inputs w.r.t.

the language L
e an [-similarity relation between the states of a DFA,
where! is the length of the longest sequence(s) in L.

Their formal definitions are now given.

DEFINITION 3.3. Let & be an alphabet, L € ¥* a finite
languageand! = length(L) thelength of thelongest word(s)
in L. Then ~;, arelation on X*, is defined by: s ~ ¢ if
Vx € ¥* with length(sx) </ and length(x) < I, sx € L if
andonlyiftx € L.

We say that s issimilar to ¢ w.r.t. L. Therelation ~; is
called the similarity relation on X* wirt. L. Whens ~p ¢
does not hold we writes » t.

Note3.1. The similarity relation w.rt. L is reflexive
and symmetric but not transitive. For example, if L =
{e,a, b, ab, ba},thena ~ ab,b ~ ab,buta = b.

However, we can prove the following result that will be
used later in the paper.

LEMMA 3.1. Let X be an alphabet, L C X* a finite
language and s,f,u € ¥*. Ifs ~p t,t ~, u and
length(¢) < max{length(s), length(u)} thens ~ u.

Proof. From s ~p ¢ it follows that Vx € X* with
length(x) < I — max{length(s), length(z)}, sx € L if and
only if tx € L. Similarly, from¢ ~ u it followsthat Vx €
* with length(x) <1 — max{length(z), length(u)}, tx € L
if and only if ux € L. HenceVx € * with length(x) <
[ — max{length(s), length(z), length(u)}, sx € L if and only
if ux € L. Since length(z) < max{length(s), length(u)},
we have that max{length(s), length(?), length(u)} =
max{length(s), length(u)}, sos ~p, u. O

DEFINITION 3.4. Let A = (X, Q, F, qo) be an accessible
DFA. For each state ¢ € Q we define level4(g) as the
length of the shortest path(s) fromgo to ¢, i.e. level 4(q) =
min{length(s) | s € X*, F*(qo, s) = q}.

For the DFA in Example 3.1 we have level4(0) =
0, level4 (1) = level 4 (2) = 1.

DEFINITION 3.5. Let A = (%, Q, F, qo) be an accessible
DFA. For each stateg € Q we define x4 (¢) asthe minimum
pathfromgotog,i.e x4(¢g) = min{s | s € *, F*(qo, s) =
q}, where the minimum is taken according to the quasi-
lexicographical order on *.

Note3.2. If ¥ = {o1,...,0,} isan ordered set, n > O,
then the quasi-lexicographical order on X*, denoted by
<, is defined by: x < y if length(x) < length(y) or
length(x) = length(y) and x = zojv, y = zoju, i < j,
forsomez,u,ve T*and1l <,i, j <n.

For the DFA in Example 3.1 wehave x4 (0) = €, x4(1) =
aandxs(2) =b.

DEFINITION 3.6. Let A = (X, Q, F, qo) be an accessible
DFA and let I > 0. Then ~ is a relation on Q
defined by: p ~! ¢ if Vx e ¥* with length(x) <
[ — max{level s (p), level s(¢)}, x € La(p) if and only if
x e Lal@).

Wesay that p isi-similar to g wr.t. A. Therelation ~/, is
called the /-similarity relation on Q wr.t. A. When p ~/, ¢
does not hold we write p <, g.
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FIGURE 2. Theminimal DFA B that accepts L.

Note 3.3. As for the similarity relation on ¥* w.r.t. L, the
[-similarity relation on Q w.r.t. A isreflexive and symmetric
but not transitive. For B asrepresentedin Figure2and/ = 2
wehave 1~ 3,2 ~L 3, but 1 =l 2.

Thefollowing lemma establishes the link between the two
similarity relations.

LEMMA 3.2 [6]. Let L € X* be a finite language,
[ = length(L) and A an accessible DFCA of L. The
following are equivalent:

() p~la
(i) xa(p) ~L xa(q).

DEFINITION 3.7. An accessible DFA, A = (%, Q, F, qo),
iscalled [-reduced if Vp, g € Q withp # ¢, p r><a{4 q.

That is, an accessible DFA is/-reduced if any two distinct
states are not [-similar w.r.t. A.

The following theorem identifies the necessary conditions
for aDFCA to be minimal.

THEOREM 3.1 [6]. If A = (%, Q, F, gp) is a minimal
DFCA of a finite language L and I = length(L) then A is
accessible and /-reduced.

COROLLARY 3.1 [6]. Aminimal DFCA of afinitelanguage
L isalso a minimal DFA.

The converse is not however true as is illustrated by the
following example.

EXAMPLE 3.2.If ¥ = {a,b} and L = {¢,a, b, ab, ba}
then B as represented in Figure 2 is the minimal DFA that
accepts L. However, B isnot aminimal DFCA of L since A
in Figure 1 isa DFCA of L that has fewer states than B.

An algorithm that determines the /-similarity relation
between the states of an accessible DFA isgivenin[6]. On
the basis of this algorithm a procedure for constructing a
minimal DFCA of afinite language L (given as a DFA that
accepts L or asaDFCA of L) isthen developed.

4. CONSTRUCTION OF ALL MINIMAL DFCAs
OF L

In this section we provide a more general procedure for
constructing al minimal DFCAs of L, assuming that the -
similarity relation between the states of an accessible DFA is
known.

Wefirst set out the theoretical basisfor the construction of
these.

FIGURE 3. The canonical DFA A, of L.

DEFINITION 4.1. Let L € ¥* be a finite language. Then
Ap = (2, L, F, ¢),where Fy, isdefined by Fy (s, o) = so,
s € L,o € X suchthat so € L, is called the canonical
DFAof L.

That is, the canonical DFA of L has a state for every input
sequencein L.

Note4.1. Clearly, £4, = L and the similarity relations ~,
and ~’AL, where ! = length(L), coincide. For simplicity, in
what follows we will use ~; to denote both the similarity
of input sequences w.rt. L and the [-similarity of states
w.rt. A

EXAMPLE 4.1. If ¥ = {a,b} and L = {e,a, b, ab, ba}
then A asrepresented in Figure 3 is the canonical DFA of
L. For clarity, in Figure 3 the names of states are numbers
rather than sequences of inputs.

DEFINITION 4.2. Let L C X* be a finite language,
Ap = (X,L, Fy,¢) the canonical DFA of L and A =
(Z, 0, F, qo) a DFCA of L. Then we define the function
AL — Qbyma(s) = F*(qo,s),s € L. Wecall 74 the
projection of Ay on A.

LEMMA 4.1. For all s,t € L, if ma(s) = ma(t) then
s~ t.

Proof. If ma(s) = ma(r) then F*(go,s) = F*(qo,1), SO
Vx € X% sx € L ifftx € L4. Since A isaDFCA of L,
wehave L4 N X< = L, s0Vx € X* with length(sx) </
and length(zx) <[,sx € Lifftx € L. O

LEMMA 4.2. If A isaminimal DFCA of L then 4 isa
surjective function.

Proof. Assumeotherwiseandletq € Q suchthatxs(g) ¢ L.
Since A is a DFCA of L it follows that length(x4(g)) >
length(L). Then if ¢ is removed from A, the remaining
automaton will still beaDFCA of L. Thus A isnot aminimal
DFCA of L, which contradicts the original assumption. [

DEFINITION 4.3. Let A = (X, Q, F, go) be an accessible
DFA and h an equivalence relation on Q. Then for each
g € Q we define y(g) as the minimum path from go
that reaches a state in the same equivalence classas g, i.e.
yh(g) = min{xa(p) | ¢ h p}, where the minimum is taken
according to the quasi-lexicographical order.

ExaMPLE 4.2. For Ay as represented in Figure 3 and
h = {{0,3},{1,4),{2}} we have y} (0) = y} 3 =
min{e, ab} = € y4 (1) = y} (4 = min{a, ba} = a and
Vi, @=0.
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FIGURE 4. A"

DEFINITION 4.4. Let A = (2, Q, F, go) be an accessible
DFA and & an equivalence relation on Q. Then we define a
DFA A" = (2, Q", F", q0) by:

o 0" ={F*(q0,Y}(q) | q € 0}

o F'': 0" x ¥ — Q" isa (partial) function defined by

F'(g,0) = F*(q0, Y} (F(q,0))), ¢ € Q"0 € %.

That is, for each equivalence class of & we identify the
states whose access paths from gg are minimum; Q" is the
set of all these states. Then A’ is constructed by replacing
each transition F(q,0) = pinA,q € 0", p € Q
with a transition F(q,o) = p’, where p’ € Q" is such
that p h p'.

ExamPLE 4.3. For A, as represented in Figure 3 and
h = {{0,3},{1,4},{2}}, we have F}(0,y} 3) =
FF(0, Y} (0) = 0and FF(0, y4 (4) = F}(0,y} (1) =
1,s0 A’ isasrepresented in Figure 4.

The following lemma shows that any minimal DFCA of

a finite language L can be constructed as Aﬁ for some
equivalencerelation i onthe statesof Ay .

LEMMA 4.3. Let L € X* be a finite language, A, the
canonical DFAof L, A = (Z, Q, F, go) a minimal DFCA
of L, w4 the projection of A7 on A and & the eguivalence
relationinduced by w4 on L. Then A and A}L’ areisomorphic.

Proof. By Definition 4.3 and Definition 4.4, we have
yh (s) = minfx € L | F*(qo.s) = F*(q0,x)} and
Al = (2, L" F}', €), where

o L'={y} () |seL}

° Fi’ - L" x ¥ — L' isdefined by FZ’(S,O’) = yZL(sa),

selL" o e ¥ suchthatso € L.

Let f: L" — Q betherestriction of 74 to L",i.e. fis
defined by f(s) = F*(qo,s), s € L". Since A isaminimal
DFCA of L, w4 issurjective, so f isahijective function.

Let 5,5 € L" and 0 € X. Then yZL(sa) = s
iff F*(qo,so0) = F*(qo,s’). Therefore Fi’(s,o) = s
iff F(F*(qo0,5),0) = F*(qo0,5"), S0 Fli(s,0) = s iff
F(f(s),0) = f(s'). Hence f isanisomorphism. O

Conversely, Aﬁ isaminimal DFCA of L if h belongsto a
special class of equivalencerelations on L, as shown below.

DEFINITION 4.5. Let L € X* beafinitelanguage. Thenan
equivalence relation on L is called a similarity equivalence

relationon L (SERon L) if whenever s i t we haves ~ ¢
fors,t e L.

EXAMPLE 4.4. h = {{e, ab}, {a, ba}, {b}} is an SER on
L = {¢,a,b,ab, ba}. If L isgiven as the canonica DFA
represented in Figure 3, where the names of states are given
as numbers rather than sequences of inputs, then 4 will be
writtenash = {{0, 3}, {1, 4}, {2}].

LEMMA 4.4. If h isa SERon L then A isa DFCA of L.

Proof. Let A" = (2, L", F}' ¢) and et Lo be the language
computed by A’L’. Wehavetoprovethat LoNnX<; = L, where
[ = length(L).

From Definition 4.4 it followseasily that L € LoNX<; SO
itremainstoshowthat LoNX<; < L. If weassumeotherwise
then there exist s € ¥* with length(s) < and o € T such
thats € L, so ¢ L andso € Lo. Sinces € L there exists
t € L" with length(r) < length(s) such that F}**(e,s) =t
and s h t. Since so € Lo, F}(t, o) is defined, F.(t,0) is
defined, soto € L. Ass ht and h isan SER on L we have
s ~ t with length(z) < length(s) < [, sofromzto € L it
followsthat so € L, which contradicts our assumption. [

DEFINITION 4.6.

e An SER/ on L iscalled proper if whenever s h t does
not hold, s, € L,3x,y € L suchthats 4 x,t h y and
X >*L Y.

e AnSER/ on L is called maximal if for any SER 2’ on
L, the number of equivalence classes of & is less than
or equal to the number of equivalence classes of /’.

That is, an SER on L is proper if any two distinct
equivalence classes contain at least one pair of sequences
that are not similar w.r.t. L. A maximal SER on L has the
least possible number of equivalence classes.

EXAMPLE 4.5. For Ay as represented in Figure 3, h =
{{0, 3}, {1, 4}, {2}} isaproper and maximal SER on L.

DEFINITION 4.7. Let L C ¥* be a finite language. Then
aset X = {x1,...,x,} € Liscalledadissmilar set of L if
xioepxjforl<i,j<n,i#j.

LEMMA 4.5. Let L € T* be a finite language and / an
SERon L. Then the following are equivalent:

(i) hisamaximal SERon L
(ii) hisaproper SERon L
(iii) if c1,..., ¢, are the equivalence classes of & and
Xxi = min ¢;, 1 < i < n, where the minimum is
taken according to the quasi-lexicographical order,
then X = {x1, ..., x,}isadissimilar set of L.

Furthermore, the set X is the same for any proper
(maximal) SERon L.

Proof. (i) = (ii): Assume h isnot proper. Then there exist
s,t € L that are not h-equivalent such that Vx, y € L with
s hxandt hywehavex ~p y. Then we can construct a
new SER /'’ on L from h by merging the equivalence classes
of s and ¢, so 4 isnot amaximal SER on L, which contradicts
our origina assumption.
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(i) = (iii): Let ¢; and c; be two equivalence classes of
h, x; = min ¢; and x; = min ¢;. Assumex; ~ x; and
lets € ¢; andt € c; be arbitrarily chosen. Thens ~ x;
andr ~; xj. From Lemma3.1, sincex; ~r xj, s ~r X
and length(x;) < length(s) we havethat s ~ x;. Similarly,
froms ~7 x;,t ~p x; andlength(x;) < length(z) it follows
that s ~, ¢, which contradictsthefact that / isaproper SER.

(iii) = (i): Assume h isnot amaximal SER and let 7’ be
an SER on L having fewer equivalence classesthan 4. Then
thereexisti and j, 1 <i,j < n,i # j, such that x; and
x; belong to the same equivalence class of 4'. Since k' isan
SERit followsthat x; ~ x;, which contradicts the fact that
X isadissimilar set of L.

Let 1’ be another proper (maximal) SERon L, ¢}, ..., c),
the equivalence classes of #/, x; = min ¢/, 1 < i < n,
and X" = {x1,...,x,}. Without loss of generality we can
assumethat x; < x2 < -+ < xpandx] < xp < -+ < Xx;,.
Obviously x1 = x; = €. Assume X # X'. Then there
existsk, 2 < k < n,suchthat x; = x/,1 <i < k-1,
and x; # x;. Assume (without loss of generality) that
xp < x;. Then x; € c; forsomej,1 < j <k-—1,%0
xr ~r xj, which contradicts the fact that X is a dissimilar
set of L. O

We denote by H; the set of al proper (maximal)
SERs on L. The set X is caled the proper dissimilar
set of L.

We can now assemble the result which is our goal.

THEOREM 4.1. Let L € ¥* be a finite language and A
the canonical DFA of L. Then A isa minimal DFCA of L
if and only if there exists h € Hj such that A and Aﬁ are
isomorphic.

Proof. ‘only if:" From Lemma4.3 it followsthat A and A’Z
are isomorphic, where & is the equivalence relation induced
by 74 on L. FromLemmad.l,if 4 (s) = s (¢) thens ~p ¢,
so h isan SER on L. Assume & is not a maxima SER on
L. Then there exists an SER 4’ on L with fewer equivalence
classesthan h. Itiseasy toseethat inthiscase A" isaDFCA
of L that hasfewer statesthan A, so A isnot aminima DFCA
of L, which contradicts the original hypothesis.

‘if” From Lemma 4.4 it follows that A is a DFCA of
L. Assume A isnot aminimal DFCA of L and let A’ be a
minimal DFCA of L. Thenthereexistsh’ € Hy suchthat A’
and A" are isomorphic, so i’ has fewer equivalence classes
than . Therefore h ¢ Hp, which contradicts our original
assumption. O

An algorithm for determining al minimal DFCAs of a
finite language L is given below. It comprises the following

steps:

(i) Construct A}, the canonical DFA of L.

(ii) Determinethesimilarity relation ~;, betweenthestates
of Ay . For this step the algorithm provided in [6] can
be used.

(iif) Construct the proper dissmilar set X = {x1,..., x,}
of L by examining the elements of L in quasi-
lexicographical order: x1 = e andfor 2 < k < n,

xy isthefirst element examined such that x; -~ x; for
1<i<k-1

(iv) Determine Hj , the set of al proper (maximal) SERs
on L. A proper (maximal) SER % on L is constructed
by placing theelementsof L \ X intothen equivalence
classes determined by x1, ..., x,; s € L\ X may be
placed into the class ¢; determined by x;, 1 < i < n,
if andonly if s ~1 x;.

(v) Foreachh e Hy,construct A . Theset of all minimal
DFCAsof Lis{A" | h e H.}.

ExXAMPLE 4.6. Consider L and A, asinExample4.1. Then
3~10,3~11,3~12,3~44~;0,4~11,4~12
and all the other pairs of states are not similar w.r.t. L. Thus
n=3and X = {0,1,2}. Since 3 and 4 are similar, w.r.t.
L, to al the states of Ay, each may be placed in any of the
classes determined by 1, 2 and 3. Therefore H;, contains the
following equivalence relations:

hi={{0,3},{1,4},{2)}, i.e3eccoanddec,
ho = {{0,4},{1,3},{2})}, iedccoand 3ec,
hs = {{0,3},{1},{2,4)}, ie3ccoand 4ec,
ha = {{0,4),{1},{2,3)}, i.edeccoand 3eco,
hs = {{0}, {1,3},{2,4)}, ie3cci and 4€co,
he = {{0}, {1,4},{2,3)}, i.edecs and 3¢ co,
h7 ={{0,3, 4}, {1}, {2}}), i.e 3 4¢€ co,
hg = ({0}, {1,3,4}, {2}}, i.e 3 4¢ccy,
he = {{0}, {1}, 12,3, 4}}, i.e 3,4¢cy.

Then Figure 5 represents all minimal DFCAs of L.

In effect, the first phase of the algorithm (first three steps)
computes aminimal DFCA of L. If N denotes the number
of words in L and [ the length of its longest word(s), then
the complexity of the first step of the algorithm is O(N),
the complexity of the second is O((N - 1)?) [6], while the
complexity of the third step is O(N). Ingenera | < N,
so the complexity of the first phaseis O(N2). The second
phase (the last two steps) computes the remaining minimal
DFCAs of L. The amount of work required in this phase
obviously depends on &, the number of all minimal DFCAs
of L. The upper bound for k isn™¥ ~". Thisbound is achieved
when each element of L \ X may be placed in any of the
classes determined by the elements of X, asisthe case in
Example4.6. The complexity of thefourth stepisn™—". The
amount of work required in the last step is proportiona to
k, n and p, the number of elements of the input aphabet
¥, so the complexity of this step isn¥ 1. p. Thus, the
overall complexity of the algorithm is exponential in N, but
this is because the maximum number of minimal DFCAS of
L isitself exponential in N. In practice, the actua number
of minimal DFCAs constructed will be limited by time and
space constraints.

Very often, one may wish to choose from among many
different, functionaly equivalent, specifications the one
whose architecture suits best the purpose for which the
system is to be constructed. For instance, many finite
state machine testing and failure location techniques assume
that the specification is strongly connected [23]. An FA is
called strongly connected if, given any ordered pair of states
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(5)

FIGURES. A" 1<i<9.

(gi, g;), thereisasequence of transitions that movesit from
gi tog ;. An accessibleautomaton isstrongly connected if and
only if thereisasequence of transitions from any given non-
initial stateq totheinitial stateqg. Thus, if strongly connected
minimal DFCAs are sought, the algorithm can be modified
so as to construct first the proper (maximal) SERs for which
the class determined by the initia state is the largest—this
is because any further element which is placed in the same
class as the initial state will give rise to at least one more
transition to the initial state in the resulting minimal DFCA.
If thisstrategy isappliedto our example/ 7 will beconstructed
first, then k1, ho, h3 and hy. It can be easily observed that
the minimal DFCAs induced by h7, h1 and hy are strongly
connected.

A more efficient algorithm, of time complexity O(N
log N), that finds a minimal DFCA of L has recently been
published [24]. Future work will assess how effectively this
new a gorithm can replace thefirst three steps[of complexity

O (N?)] of the above procedure. However, for N sufficiently
large and the total number of minimal DFCAS close to the
upper bound, the inclusion of this improved agorithm will
have little effect on the overall performance of the proposed
procedure.

For any given ! > 1, the number of statesn of a minimal
DFCA canbeaslow as 1 (i.e. when L = X ) and as high
as N —1(.e whenL = {e,a,...,a'"1 a'~1b}, where
a,be ).

5. STREAM X-MACHINES

The remainder of the paper generalizes the concept of finite
cover automaton to atype of extended FA, namely the SXM.
The following section introduces this model and other basic
conceptsrelated to it.

In essence an X-machine is like a finite state machine
but with one important difference. Instead of using abstract
symbols, the labels of the transitions are (partial) functions
that operate on abasic data set X. The set of these (partial)
functions, @, iscalled thetype of the machine and represents
the elementary operations that the machine is capable of
performing.

The computation of the machine starts in a given initial
state (control state) and a given state of the system’s
underlying data type X (the data state). In Figure 6, for
example, there are anumber of paths that can be traced from
the initial state and each edge is labelled by a function: ¢1,
¢2 etc. Seguences of functions are thus derived from each
path in the state space and these may be composed to produce
afunction that may be defined on the data state. Thisisthen
applied tothevalue x providing that the composed functionis
defined onx. Thisgivesanew value, x € X for thedatastate
and anew control state. Usually, themachineisdeterministic
sothat at any instant only one possiblefunctionisdefined (i.e.
the domains of the functions that emerge from any state are
mutually digjoint).

Those X-machines in which al data are triples consisting
of astream of input symbols, astream of output symbolsand
an internal memory value are called SXMs and are defined
formally next. The basic ideais that the machine has some
internal memory, M, and the stream of inputs determines,
depending on the current state of control and the current state
of the memory, the next control state, the next memory state
and the output value.

DEFINITION 5.1. An SXM isatuple
Z: (27F7 Q7M9¢’ F1 I’ T7m0)7

where:

e ¥ and I" are finite sets called the input alphabet and
output alphabet respectively

e ( isthefinite set of states

e M isa(possibly) infinite set called memory

e & is the type of Z, a finite set of non-empty basic
processing functions that the machine can use, having
the form

¢ Mx¥X¥ - I'xM
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FIGURE 6. The state transition diagram of an X-machine.

e F isthe(partial) next state function,
F:O0x®d — 29

Asfor finiteautomata, F' isusually described by a state-
transition diagram.

e [ and T are the sets of initial and terminal states
respectively,

I1CcQ,TCQ
e mg istheinitial memory value,
mo € M.

Thus, SXMs are X-machines for which the basic
processing functions havetheform¢ : M x ¥ — I' x M,
i.e. each such function will read an input symbol, discard it
and produce an output symbol while (possibly) changing the
value of the memory.

It is sometimes helpful to think of an X-machine as an
FA with the arcs labelled by functions from the type ®. The
automaton Ay = (o, Q, F, 1, T) over the alphabet @ is
called the associated FA of Z.

DEFINITION 5.2. Given a sequence p € ®*, p inducesthe
(partial) function

Ipl : M x T - T*x M

defined as follows:

o |e|(m,e) =(e,m),Vm e M

o Vpec ®* ¢ c ®, |pp|(m,so) = (gy,m), Ym,m’ €
M,seX* gel* o0eX,y e suchthatam” e M
with [p|(m, s) = (m", g) and ¢ (m”, o) = (y, m’).

Thus | p| shows the correspondence between a (memory,
input string) pair and the (output string, memory) pair
produced by the application, in turn, of the processing
functionsin the sequence p.

A deterministic SXM (DSXM) is one in which there is
at most one possible transition for any triplet g € Q,m €
M, o € X. Thisisnow defined.

DEFINITION 5.3. An SXM Z iscalled deterministic if:

e The associated FA of the machine is determinis-
tic,i.e.

—Z hasonly oneinitial state, i.e.

I = {qo}

FIGURE 7. The state transition diagram of the DSXM Z.

—The next state function of Z maps each pair
state/processing function onto at most one state, i.e.

F:0x® > Q

e Any two distinct processing functions that label arcs
emerging fromthe same state have digjoint domains, i.e.

Vo1, p2 € @ ifdg € O with (g, ¢1), (¢, ¢p2) € dom(F)
then ¢1 = ¢ or dom(¢1) N dom(¢2) = @.

DSXM specifications are often used as a basis for testing
[10, 20], soitisnormal to consider all statesasbeingterminal,
i.e. T = Q. Furthermore, thisis not normally a restriction
when considering interactive systems.

Thus, in what follows, we will refer to DSXMs in
which all states are terminal, denoted by a tuple Z =
(2, T,0,M,d, F, gqo, mg). The associated FA is then a
tupleAz = (=, O, F, qo0)-

ExampLE 5.1. Consider Z = (X, T, O, M, @, F, qo, mo)
with & = {a, b}, T = {x,y,z,w}, 0 = {0,1,2}, M =
{0,1}, mg = 0, ® = {¢1, ¢2}, F asrepresented in Figure 7
and ¢1, 92 : M x ¥ — T x M defined by:

$1(0,a) = (x,0),
$1(L,a) = (v, 1);
$2(0,a) = (z,1),
$2(1,b) = (w, 0).

Then Z isaDSXM.

A machine computation takes the form of a traversal of
all sequences of arcsin the state space from the initial state
and the application, in turn, of thearc labels (which represent
basic processing functions) to the initial memory value. The
correspondence between the input sequence applied to the
machine and the output produced gives rise to the function
computed by the machine, as defined next.

DEFINITION 5.4. Given a DSXM Z, the (partial) function
fz :X* > I'* defined by fz(s) = gifdp e ®*,m e M,
such that p € L4, and |p|(mo, s) = (g, m), is called the
function computed by Z. We say that Z computes f.

Note that f, is a function since Z is deterministic.
However, in general, a (non-deterministic) SXM may
computearelation rather than afunction sincethe application
of an input sequence may produce more than one output
sequence. Here, however, only the deterministic case is
considered.
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DEFINITION 5.5. @ is called input-complete if V¢ €
®, m e M, Jo € X suchthat (m, o) € dom(¢).

This condition ensures that any processing function can
be exercised from any memory value using appropriate input
symbols.

DEfFINITION 5.6. @ is called output-distinguishable
if Vo1, 020 € ®, Am,mi,mp € M,0 € X,y € T
with ¢1(m, o) = (y,m1) and ¢z(m, o) = (y,mz)) =
(91 = ¢2).

This says that we must be able to distinguish between any
two different processing functions (the ¢s) by examining
outputs. If we cannot then we will not always be able to
tell them apart.

It can be easily observed that for Z asin Example 5.1, ®
is both output-distinguishable and input-complete.

These two conditions (output-di stinguishability and input-
completeness) are generally known as ‘design for test
conditions [10, 19] and are assumed to be met by
the specification if the DSXM-based test set generation
technique is to be successfully used [10, 19]. The output-
distinguishability condition ensures that any processing
function can be identified from the machine computation by
examining the outputs produced. The input-completeness
condition ensures that all sequences of processing functions
in the associated FA can be exercised using appropriate
inputs, so they can be tested against the implementation.

6. MINIMAL [-COVER DSXMs

In this section an [-cover DSXM of a given DSXM Z as a
DSXM Z’ that produces an identical response to Z for any
sequence of inputs of length at most / is defined. It is aso
shownthat, if Z satisfiesthe*design for test conditions’, then
the construction of all /-cover DSXMs of Z can be reduced
to the construction of all DFCAs of al cover automata of
the language comprising all sequences of length at most [
accepted by the associated FA of Z. Asalready stated, only
DSXMsinwhichall statesareterminal are considered inthis

paper.

DEFINITIONG6.1. LetZ = (X, T, Q, M, ®, F, go, mg) and
Z' = (%,1,0,M,®, F', q5 mo) be two DSXMs having
the same input alphabet, output al phabet, memory, type (®)
and initial memory valueand let / be a positiveinteger. Then
Z' is called an /-cover DSXM of Z wirt. @ if f7 | T« =

fZ’ | 251-

For a (partia) function f : A — BandU C A, f | U
denotes the restriction of f to U.

DEFINITION 6.2. An [-cover DSXM Z’ of Z wirt. @ is
called minimal if for any /-cover DSXM Z” of Z w.r.t. @, the
number of states of Z’ isless than or equal to the number of
statesof Z”.

Note that, since any /-cover DSXM Z’ of Z has the same
typeandinitial memory valueas Z, Z’ isuniquely determined
by its associated FA, Ayz. Thus, Z' can be identified
with Az,

In the remainder of this section we show that the
construction of all /-cover DSXMsof aDSXM Z whosetype
isinput-complete and output-distinguishable can be reduced
to the construction of all DFCAsof L = L4, N ® .

LEMMA 6.1 Let Z = (2,1, Q, M, ®, F, qo, mg) and
Z' = (%, 1,0, M, ®, F', gy mo) betwo DSXMswith type
@, input-complete and output-distinguishable, and let / be a
positive integer. Then fz | X< = fz | £ if and only if
Lo, Ndg = ‘CAZ’ noo.

Proof. The ‘if’ implication follows directly from
Definition 5.4 (notethat the‘ design for test conditions’” arenot
necessary for this implication). We now prove the ‘only if’
implication. Assume otherwiseandlet p = ¢1--- ¢ € O*
such that p € La, \ La,. Since @ is input-complete
do01,...,00 € X, Y1,.--sV € ', m,....omp € M
such that ¢;(m;—1,0;) = (yi,m;), 1 < i < k, and
s = o1---0r € dom(fz) = dom(fz). Since @ is
output-distinguishable, from s € dom(fz/) by induction
onl < i < kitfollowsthat ¢;(m;i_1,0;) = (vi,m;)
and¢1---¢; € La,, 1 <i <k Thusp € L,,, which
contradicts the original assumption. O

Note 6.1. The ‘design for test conditions’ are essential for
the ‘only if’ implication of Lemma 6.1. Without the
input-completeness, some states of a DSXM may never be
reached or some processing functions may never be attained.
The output-distinguishability condition, on the other hand,
ensures that the processing functions can be distinguished by
examining the outputs produced.

For example, consider ¥ = I' = {a,b}, M = {0, 1},
mo=0and ¢1,¢2: M x & — I' x M defined by:

$1(0, a) = (a, 0);
$2(1,b) = (b, D).

Itiseasy to seethat ®1 = {¢1, ¢2} isoutput-distinguishable
but not input-complete. Consider Z, = (%, T, {0, 1}, M, ®,
F1,0,mg) and Z, = (=, T, {0}, M, ®, F, 0, mg) with Fy
and F; as represented in Figure 8(a) and (b), respec-
tively, and Z>, = (Z, T, {0, 1}, M, ®, F»,0, mg) and Z, =
(%,1,{0, 1}, M, ®, F},0,mp) with F» and F} as repre-
sented in Figure 9(a) and (b), respectively. Clearly, the state
1 of Z; will not be reached by any input sequence applied to
this machine, so fz, = fzfl. On the other hand, the state 1
of Z, isreachable, but the only memory value attainable in
this state is 0, which is not processed by ¢», s0 fz, = fZ’z'
Furthermore, consider ¢3,¢p4 : M x ¥ — I' x M

defined by:
¢3(m,a) = (a,m), meM,;
#4(0,a) = (a,0), meM,
¢4(L,b)=(b,1), meM.

¥ = {¢3,¢4} and Z3 = (X,T,{0,1}, M, V¥, F3,0, mo)
and Zy = (2,T,{0, 1}, M, ¥, F}, 0, mg) with F3 and F}
as represented in Figure 10(a) and (b), respectively. W is
input-complete but not output-distinguishable. Since ¢3 and
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¢1 ¢1
)
FIGURE 8. The state transition diagrams of Z1 (a) and Z/l (b).

@,

v . g

FIGURE 9. The state transition diagrams of Z5 (a) and ZJ (b).

FIGURE 10. The state transition diagrams of Z3 (a) and Z (b).

¢4 can only be distinguished on the memory value 1, which
isnot attainable in the state 0, fz, = fzé.

THEOREM 6.1. Let Z bea DSXM having the type ® input-
complete and output-distinguishable, / a positiveinteger and
L=1La, ND.If Z isani-cover DSXM of Z then A is
aDFCAof L.

Proof. Follows from Lemma 6.1, the ‘only if’ implication.
O

However, the converse is not true, asis illustrated by the
following example.

ExaAMPLE 6.1. Consider the DSXM Z in Example 5.1.
Since dom(¢1) N dom(¢) # @, Z' represented in Figure 11
isnotaDSXM, so Z’ isnot a2-cover DSXM of Z. However,
Az isaDFCAoOf L = L4, N <.

On the other hand, the implication is valid both ways
when only minimal DFCAs and minimal /-cover DSXMs
are considered.

THEOREM 6.2. Let Z bea DSXM having the type @ input-
complete and output-distinguishable, I a positive integer and
L=Ls,NP.Then Z isaminimal /-cover DSXM of Z if
and only if Az isaminimal DFCA of L.

Proof. Let Z’ beaminimal [-cover DSXM of Z. Then from
Theorem 6.1 it followsthat Az isaDFCA of L.
Conversely, let Az be a minimal DFCA of L. From
Theorem 4.1 it follows that Az is isomorphic to A’z for
some proper (maximal) SER & on L. Since Z is a DSXM,
the SXM determined by A, is also deterministic and from
Definition 4.4 it follows that the SXM determined by A’ is
also deterministic, so Z’ is a DSXM. Hence, using the ‘if’
implication of Lemma 6.1, Z’ isan I-cover DSXM of Z.

%

e P

FIGURE 11. The non-deterministic SXM Z'.

¢ ¢

(0 ——() :
FIGURE 12. The minimal 2-cover DSXMsof Z.

Now let ng bethe number of statesof aminimal DFCA of L
and kg bethe number of states of aminimal /-cover DSXM of
Z. Fromthetwo paragraphsaboveit followsthat ng < kg and
ko < ng, SO ng = ko and the required result is proven. O

Therefore the construction of all minimal I-cover DSXMs
of a DSXM Z whose type is input-complete and output-
distinguishableisequivalent to the construction of all DFCAs
of L = L4, N $, S0 the procedure given in Section 4 can
be applied.

EXAMPLE 6.2. The two minimal 2-cover DSXMs of Z in
Example 5.1 are represented in Figure 12.

7. CONCLUSIONSAND FURTHER WORK

In this paper a procedure for constructing all minimal cover
automata of a given finite language L is proposed. An [-
cover SXM of agiven SXM Z is defined as a generalization
of the cover automaton of afinitelanguage L and it is proved
that, in the context of SXMs that meet the ‘design for test
conditions', the problem of constructing all -cover SXMs of
Z can be reduced to the construction of all cover automata
of the language comprising all sequences of length at most /
accepted by the associated FA of Z.

Sincethemain motivation for this paper isfromthedomain
of software testing the paper only addresses finite automata
and SXMsin which all states are terminal. Further research
will investigate how these results can be extended to the
general case, where non-terminal states may also exist.

In practice, it is often useful to have aternative
specifications, even though al of these specifications (and
theirimplementations) providetherequired functionality (i.e.
inour case all DFCAs or [-cover DSXMs behaveidentically
for al sequences of length of most 7). The architecture of a
system can be important and one may wish to choose from
among many different, functionally equival ent, specifications
the one whose architecture suits best the purpose for which
the system is to be constructed. For instance, a strongly
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connected DFA specification is required by many finite state
machine testing approaches [23]. Observe that, of the nine
minimal DFCASs represented in Figure 5, only three are
strongly-connected [(1), (4), (7)]. Again, only one of thetwo
DSXMs represented in Figure 12 (the first) has a strongly
connected associated FA.

Furthermore, quite often in software development the
requirements are prioritized and only those with high pri-
ority can be implemented within the required cost and time
constraints. In such a situation one will choose from a num-
ber of specifications that meet all the high priority require-
ments and the specification that meets best the low pri-
ority requirements. Implementation issues can also play
a part in choosing one candidate specification rather than
another.

Further work will use the theoretical results presented
here to generate test sets for DFCASs and [-cover DSXMs.
Traditional finite state machine [23] and SXM [19]
testing methods construct test sequences whose successful
application to the implementation guarantees that this
implementation is equivalent to the given DFA or DSXM
specification. The problem can be extrapolated to cover
automata. In this case, given a specification in the form
of a minimal DFCA A of a finite language L, the aim is
to construct a set of input sequences whose length does not
exceed [, the length of the longest sequencein L, that, when
appliedto any implementation A’ inaclass C, will detect any
response of A’ toinput sequences of length of most/ that does
not conform to the response specified by A. Obvioudly, the
set of all input sequences of length at most / can be chosen,
but future work will show that, in many cases, the size of
the test set may be considerably reduced. If C isthe class
of DFAs having the same number of states as A then the
successful application of the test set to an implementation
A’ will ensure that the implementation under test isitself a
minimal DFCA of L. This problem can also be formulated
for aminimal /-cover DSXM specification.
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